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Abstract 

In this paper, we present several algorithms for dealing with graded com- 
ponents of Laurent polynomial rings. To be more precise, let S be the Laurent 
polynomial ring k[xi, . . . , Xr, xf^^, . . . , x^^], k algebraicaly closed field of char- 
acteristic 0. We define the multigrading of S by an arbitrary finitely generated 
abelian group A. We construct a set of fans compatible with the multigrading 
and use this fans to compute the graded components of S using polytopes. We 
give an algorithm to check whether the graded components of S are finite di- 
mensional. Regardless of the dimension, we determine a finite set of generators 
of each graded component as a module over the component of homogeneous 
polynomials of degree 0. 



1 Introduction 

The formal construction of the homogeneous coordinate ring of a toric variety, that 
LM. Musson in D.A. Cox in j^I and others discovered in the early 1990s, takes a 
fan A and creates a torus action on an open subset of an affine space whose quotient 
is the toric variety of A. We reverse this process in ^12^. To be more specific, let k be 
an algebraically closed field of characteristic 0. We take a torus action on the affine 
space X = k"^ X (k^Y and create various fans whose toric varieties are the quotients 
under the action of the torus of an open subset of X. This "reverse engineering" has 
appeared in other places, see for instance Chapter 10 of Miller and Sturmfels book 
[2] where they take an algebraic torus times a finite abelian group acting on A;". 

In this paper, we extend the construction of the fan associated to the action 
given in [12^ to cover also Miller and Sturmfels situation but we focus on making the 
process computational. Let H be an algebraic torus times a finite abelian group, 
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we give an algorithm to obtain a set of fans associated to the diagonal action of H 
on X. Using these fans, we will be able to give a computational description of the 
graded components of Laurent polynomial rings. 

Let S be the Laurent polynomial ring k[xi, . . . , Xr,x^^^, . . . , x^^], with n = r + s. 
The action of H on X extends to an action of H on S. As in the polynomial ring 
case, this action determines a multigrading of S by the finitely generated abelian 
group A = Hom{H, k^). Multigradings of polynomial rings are treated in detail in 
[S], Chapter 8. In section^ we extend the definition of multigrading to Laurent 
polynomial rings and in section El we provide an algorithm to obtain a set of fans 
compatible with the multigrading of 5 by ^. This fans allow us to see graded 
components of S as polyhedra. Each graded component Sa, a G A is a, module 
over the ring of differential invariants V = k[xi, . . . , Xr,x^_^i, . . . , x^^, di, . . . , dn]^ 
where di = d/dxi, i = 1, . . . ,n. In JHI; we studied graded components of S from 
this point of view . The connection between group actions and finite fans allows a 
computational description of this family of P-modules that we present in this paper. 

When computing the graded components of S, it is important to decide whether 
they are finite dimensional as k vector spaces or not. Let 5*0 be the k vector space 
of homogeneous polynomials of degree 0. As in the polynomial ring case, either all 
the graded components are finite or infinite dimensional as we conclude in the last 
section of the paper. In section d we give an algorithm to check whether 5*0 is finite 
dimensional. 

Given a finite fan A, a shift with nonempty intersection of the dual cones of 
the cones of A gives a polyhedron. Furthermore, such a polyhedron is a polytope 
if and only if the fan is not contained in a half-space, as we prove in section El In 
section |H1 given a fan compatible with the multigrading of S by A, we use polyhedra 
obtained in this manner to give a set of generators for each Sa as a module over 
Sq. If the graded components of S are finite dimensional we compute a A;-basis of 
Sa using the lattice points of a polytope. We provide a set of linear inequalities 
determining this polytopes so that the number of lattice points can be counted with 
LattE, [11. When 5*0 is infinite dimensional, we determine a finite set of generators 
fi, . . . , fh, corresponding to the Hilbert basis of a cone, such that Sq = k[fi, . . . , fh]. 
To determine the infinite dimensional Sa, we compute a finite set of generators of 
Sa as an S'o-module corresponding to the lattice points of a polytope. 

We begin our paper describing in section |21the group H and the diagonal action 
of H on X. Throughout this paper, a particular action will be specified by a matrix 
L whose columns are the weights of the action. In some special cases, we can replace 
the matrix L by another one with the special form given in section El which gives 
the same action. Most of the algorithms given in this paper will take the matrix L 
or its special form as an input. 

2 Description of the group and the action 

We consider a diagonal action ol H on X = k^ x (k'^y C A;" with n = r + s. This 
is an action that extends to a diagonal action on A;". Such an action is given by an 
embedding of H into the group T of diagonal matrices in GLn{7j). Details about this 
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action in the algebraic torus case are given in ^H], §2.1. The construction developed 
there applies to the more general case treated here. 

Identify H with G x F where G = {k^)^ and F is the product of cyclic groups of 
orders di, . . . ,dt. We can identify the group of characters of H, A = Hom(H, k^) 
with 

A = zp® z/diZ e . . . e z/dtZ. 

We think of ^ as a space of column vectors with integer entries. 

There exist r/i , . . . , r/„ € A such that H acts on X with weights rji, . . . ,r]n . Let 
m = p+t. We denote by L the mxn matrix with i-th column vector iji, i = 1, . . . ,n. 
We say that H acts on X by the matrix L. We may and we will assume that H acts 
faithfully on X. Therefore L has rank m. 

Let us also denote by D the diagonal matrix with entries di, . . . ,dt- This t x t 
matrix will be used in several computations throughout this paper. 

3 Finite fans 

In this section we state some results about finite fans that will be needed in the rest 
of the paper. As far as possible we follow the notation of , Chapter 1. 

Let A'^ = Z' be the /-dimensional lattice. Let A he a fan in N, which is a 
collection of strongly convex rational polyhedral cones in = N (g)^ M = M'. 
Through this paper, cones will be strongly convex, rational and polyhedral except 
in a few occasions where we will say convex cone to mean convex rational polyhedral 
cone. 

Let M = Homz{N, Z) and (_ , _) : M x N ^ Z the natural bilinear pairing. For 
each fj G Z\, let 

A^ = Mna"^ = {ue M\{u, v) >0 for all v G a}. (1) 

We review some terminology introduced in 12 , §1.2. Denote by the set of 
cones of A with dimension one. Given v € N, let = R+u be the ray generated 
hy V G N. Given a & A we define [a] = {i £ {1, . . . , r} | Ty. is a face of a}. Given 
u e Mr = M(g)2;M = M', a subset of the form Hu = {v e \ {u, v) > 0} with n / 
is called a half-space in N^. We say that the fan A is contained in a half-space if 
we can find 7^ n G Mr such that a C Hu for all a £ A. 

Given a fan A, let {vi, . . . ,Vr} be a set of vectors in generating the one 
dimensional cones of A. Fix ip = (991, . . . , (/?„) E N'' x and define the sets 

7(T,</p = {n G Mr I {u,Vi) > -(fi for ah i e [a]} (2) 

for each a A. Consider the polyhedron 

7'^ = f^aeA la,Lp = {n G Mm I {u, Vi) > -ipi for alH = 1, . . . , r}. (3) 

The purpose of the following two lemmas is to prove that V^^ is bounded if and only 
if the fan A is not contained in a half-space. 
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Lemma 3.1. Fix an integer a > and f E and consider the set Q = {u £ M!" \ 
{u,v) > —a}. Given u £ S = {u G M'j|n[ = 1}, let 1^ = sup{fj, G M+|/UU G il}. Then 
the map / : S ^ defined by f{u) = I u is continuous in its domain. 

Proof. It can be easily seen that if < oo, then [0, ly] = {n G M.'^\fiu G 17}. In fact, 
{luU, v) = —a, i.e. if v = {vi, . . . ,vi) then lyU belongs to the hyperplane of given 
by the equation vixi + . . . + vixi = —a. On the other hand luU also belongs to the 
line in M} through the origin in the direction of n = (ui, . . . ,ui). Therefore l^u is 
solution of the matrix equation M^X = B, where 



Vl 
U2 - Ul 



V2 



U3 - U2 



Ul - Ul-i 



B 







and X is the column vector of unknowns. 

Let be the matrix obtained exchanging the i-ih. column of Af^ by B. Using 
Cramer's Rule, and the fact = \luu\, we obtain the following expression for f[u) 



^fdemi 

^ \detMu 




This proves the result. 



□ 



Lemma 3.2. The set is bounded if and only if there does not exist u G 
u 7^ such that M+n C V^p. 

Proof. Obviously if is bounded the conclusion is clear. Let us prove the other 
direction. Consider the sets 



for all i G Uo-g^ [a] 



= {u G Mr I {u.Vi) > -(fi} 
{!,..., r}. For each o" G Z\ we have 7o-,(p 



n 



Qj. Then 



— nOj where the intersection is taken over all the i G {1, . . . , r}. Let 

= sup{fi G M+ I G fli} (4) 

for G M' and i G {1, . . . , r}. Then for each i G {1, . . . , r} we define maps /, : S — > 
where fi{u) = l\^ for every u £ S. Each fi is continuous in its domain by Lemma 
13.11 Now we define the map F : S — M"*" where 



F(n)=inf{/; I iG {!,..., r}} 



(5) 



for all u £ S. By jllj . Chapter 2, Section 18, Exercise 8, F is continuous in its 
domain. By hypothesis, there is no tt G Mr, u ^ such that M+ii C V^. Therefore 
the domain of F is S. By Chp. II 5.8, F{S^~^) is compact in and by the 
Heine-Borel theorem it is also bounded. Therefore we can find a positive integer N 
such that F{u) < N for all u £ S. If y G Vip, then y = fiu for some u £ S and 
by (jSJ and Q, ^ < F{u) < N. Therefore in included in the sphere of radius 
N. □ 
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Proposition 3.3. The set V^p is a polytope if and only if the fan A is not contained 
in a half-space. 

Proof. Suppose there exists u G M]r, n 7^ such that the fan A is contained in 
the half-space Hu- Then given i £ {!,... ,r} and for any fx £ it holds that 
{lJ,u,Vi) > > —ipi. Thus M+n C and hence V,p is not bounded. 

Suppose now that V,p is not bounded. Then by Proposition 13.21 there exists 
u G Mk, u such that M+n C P^. By @, we have fj,{u,Vi) > —ipi for every 
i G {1, . . . , r} and every /u G M"^. Then (n, Vi) > for all i G {1, . . . , r}. Therefore 
the fan A is contained in the half-space Hu- □ 

Remark 3.4. A fan A is not contained in a half-space if and only if the intersec- 
tion of the dual cones is zero, flo-gziCJ^ = 0. Moreover, given a set of generators 
{vi, . . . , Vr} of cones in A{1) and 7^ n G M^, the following statements are equiva- 
lent: 

1. A is contained in the half-space H^. 

2. The vector u is a solution in M' of the system of linear inequalities {{x,Vi) > 
0,i = l,...r}. 

3. The set M>o{fi, . . . ,Vr} is a convex cone contained in the half-space Hu- 

There are well known algorithms to find a nonzero solution of a system of linear 
inequalities > 0, i = 1, . . . ,r}. Because we need to use it in sectional we 

give next an algorithm to find such a solution in the language of half-spaces. The 
algorithm is based on the following lemma. 

Lemma 3.5. Let a he a cone in and let v G N^. Then C = M>o(o" U {v}) is a 
convex cone if and only if C CI for some u G Mk such that {u, v) = 0. 

Proof. Let us suppose that {vi, . . . , Vr} is a set of generators of a. Then {vi, . . . ,Vr,v} 
is a set of generators of C. If C is a cone, by ^j, Theorem 7.1 it is the inter- 
section of the half-spaces Hu, u G Mr containing {vi, . . . ,Vr,v} and such that 
{v G I (n, v) = 0} is spanned by / — 1 linearly independent vectors from 
{vi, . . . ,Vr,v}. Let be one the this half-spaces such that {uq,v) = 0. This 
proves the result. □ 

Algorithm 3.6. hspI ({wi, ... ,wt} ,cr , u) Given a convex cone a contained in 
the half-space Hu with 7^ u G Mr and a set of vectors {wi, . . . ,wt} in N^, the 
algorithm decides whether C = M>o((7U{tyi, . . . , wt}) is contained in a half-space and 
if the answer is affirmative it returns a nonzero vector uq such that C is contained 
in ■ 

1. i := 1, C := fj. 

2. While i<t do 

2.1 Ifwi^C then i:=i+l 
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2.2 else take u S such that {u,Wi) = 0. If C Q H±u then C := M>o(C U 
{w-i}), i := i + 1, uq := ±u else return " Not contained in a half-space" . 

3. Return Uq and " Contained in a half-space". 

Let V = {vi, . . . ,Vr} be a set of generators of a fan A in A^. If V has rank less 
than / then A is contained in a half-space. Otherwise V contains a subset W with 
I linearly independent vectors. By jl3j . Theorem 7.1, M>oW is a cone contained in 
the half-space Hu for some u G Mr such that W C i7„ and {v £ \ {u, v) = 0} is 
spanned by / — 1 vectors of W. Algorithm IH. 61 applied to (V \ W, M>oW, u) decides 
whether A is contained in a half-space. 



4 Multigradings 



The Laurent polynomial ring S is the ring of regular functions on X, 0{X). We 
consider the action of H on 0{T) (or 0{X)) given by right translation, see jlUj . 
(12). This convention implies that Xi has weight r/j. 

We say that a Laurent polynomial ring S is multigraded by A when it has been 
endowed with a degree map deg : — > yl. Multigradings of polynomial rings are 
defined in [0], §8.1 in the same manner. 

Using the matrix L that gives the action oi H on X, we define a degree map 
as follows. The restriction map X(T) = Hom{T,k^) — > ^(H) is given by left 
multiplication by L. If we identify X(T) with Z" we have an exact sequence (see 
lemma 4.1) 

Oi — A< — Z" < — ^< — (6) 
which determines a multigrading of S by A. Given A = (Ai, . . . , A„), we write x'^ = 



.^1 



The middle semigroup homomorphism deg : Z"^ —>■ A gives a multigrad- 
ing of by ^ sending each monomial to its degree deg{X) = LA. We will say that 
the multigrading of S by A is given by the matrix L. Let Q = deg{W x Z*) denote 
the semigroup of A generated by deg{xi), . . . , deg{xr), ±deg{xr+i), . . . , ±deg{xn). 
The next lemma proves that © is an exact sequence. Let I = n — p. 

Lemma 4.1. The degree map deg is surjective and there exists an n x I matrix K 
whose columns are a "L-basis of ^. 

Proof. By Theorem 12.4.3, there exist matrices U G GLmC^) and V G GLn{7j) 
such that 

" /i ... ... 

/2 



L' = ULV 

... /™ ... 

with fiy^O for alH = 1, . . . , m. Consider the n x / matrix 



(7) 











E = 





D 




If 






(8) 
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with D as in section |21 the integer I' = I — t and /// the /' x /' identity matrix. 

The columns of E are a Z-basis of the kernel of the group homomorphism — > 
A given by right multiplication by L'. Let K := VE, then LK = 0. Therefore the 
columns of K are a Z-basis of the kernel of L. We can write ^ as KZK Then K 
is a presentation of deg{'L'^). By PP, Proposition 5.12 we also have a presentation 
E = V-^K of degilT"). We conclude that degiT") = A. □ 

We are ready to introduce the graded components of S that we are computing in 
this paper. For a E A, let Sa denote the vector space of homogeneous polynomials 
having degree a in the A-grading, that is 

Sa = span{x^ S S \ LA = a}. (9) 

Therefore S = ©^gg Sa since Sa is empty \i a ^ Q and Sa-Sh = Sa+b, a,b G Q. Note 
that the subring of S of invariants under the action of H equals the semigroup 
ring 

So = k[jin{W xZ% (10) 



5 Construction of fans compatible with the multigrad- 
ing 

The concept of fan compatible with the multigrading of a polynomial ring was given 
in [S], section 10.3. Next, we extent the definition so that it applies to multigradings 
of Laurent polynomial rings. In this section, we give an algorithm to construct a fan 
compatible with a multigrading from the matrix L describing the action of on X. 

Applying the contravariant functor Hom{_, Z) to the sequence © we obtain the 
exact sequence 

— > Hom{A, Z) — ^ Z" — > j^^ — > Ext^{A, Z) — > 0. (11) 

By the previous lemma 14.11 .ft is a free abelian group of dimension 1. Then we 
identify A and ^ = Ho'm{K, Z) with Z'. We fix the columns of the matrix K given 
by lemma 14.11 as a Z-basis of .ft. 

The middle morphism (f : Z" — > .ft^ = Z' of the sequence ()11() is given by right 
multiplication by the matrix K. Let Cj be the i-th standard basis vector of Z" and 
call Vi = (p{ei) the i-th row vector of K , 1 < i < n. In particular, if is onto when H 
is an algebraic torus, see ^2j, paragraph following Lemma 2.2. We call {vi, . . . , Vr} 
a set of vectors associated to the action of H on X. 

We call a fan Z\ in compatible with the multigrading of S" by ^ if its set of one 
dimensional cones equals = {r^. [ i = l,...,r}. The cones of A are sub cones 

of C = M>o{ui, . . . ,Vr}. 

The proof of lemma 14.11 provides an algorithm to compute a set of vectors 
associated to the action of on X. 

Algorithm 5.1. ASSOCIATED- VECTORS fL^Dj Given the m x n matrix L associated 
to the action of H on X = k'^' x {k^Y and the t x t matrix D given in section\^ the 
algorithm returns a set of vectors {vi, . . . ,Vr} associated to the action of H on X. 
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1. Compute the Smith normal form of L; that is, compute invertible matrices U 
and V such that U ■ L -V is the concatenation of a diagonal matrix and a zero 
matrix. 



2. Let V := n — m, and 



E 




D 
h 



(12) 



3. K :=¥ -E. 

4- Return the set {vi, . . . ,Vr} of the first r row vectors of K. 



6 Special form of the matrix L 

For some of the constructions in the next sections we need the matrix L (introduced 
in section 121) to have the special form presented in the next lemma. Now suppose H 
acts on X via the matrix L and set 

Si = {A G N*^ X I dec/(A) = Oa}, (13) 

where Oa is the class of zero in A. We show that in some cases we can obtain a 
matrix L' equivalent to L with the special form and giving an action oi H on X 
with the same set of invariants. 

Given a matrix M we will write suhm{M, ri . . . r2, ci . . . C2) to denote the sub- 
matrix of M obtained selecting rows ri through r2 and columns ci through C2 of 
M. 

Lemma 6.1. // r/^+i, • • • , r/„ are linearly independent, there exist matrices T £ 
GL^{Z), A e GL„(Z) such that 

1. L' = T ■ L ■ A has the block matrix form 



Li dip 



(14) 



L3 L4 

where Ip is the p x p identity matrix and d is a nonzero positive integer. 
2. TiL is isomorphic to S^. 

Proof. 1. Since L has rank m = p+t there exists a matrix A € GLn{'^) such that 
the last p columns of L- A are linearly independent and such that Ax € N*" x Z'^ 
for any x G N^' x Z*. To be more precise, \i p < s then A is the identity 
matrix since r]r+i, . . . ,7]n are linearly independent whereas if p > s then A is 
a permutation of the first r columns of L. 

Furthermore, we can find a matrix Fi € GLm[Z) permuting the rows of L • A 
such that L2 = subm{Ti ■ L ■ A,l ... p,l + 1 ... n) has rank p. Let d = det{L2). 
Then Fi = dLl^^ is matrix in GLp{Z). Let 

F = " 

D 
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then r • L • A has the desired form (|14|) . 

2. Since A permutes only the first r columns of L and TOa = Oa we can define 
the following isomorphism 

Sl ^L' (15) 

given by X 1-^ A~^x. 

□ 

From the proof of statement 1. in the previous lemma we derive the following 
algorithm. 

Algorithm 6.2. special-matrix (^L,Dj Given the m x n matrix L associated to 
the action of H on X = x {k^Y, where the columns r]r+i, . . . ,r]n are linearly 
independent, and the t x t matrix D given in section\^ the algorithm returns an 
m X n matrix L' with the special from (|14)) . 

1. p := m — t, I := n — p. 

2. If p > s then permute the first r columns of L to obtain Lc so that 
rank{subm{Lc, 1 . . . n,l + 1 . . . r)) = p — s. 

3. L := Lc- Permute the rows of L to obtain Lr so that rank(subm{Lr , 1 . . .p,l + 
1 ■ ■ ■ n)) = p. 

4- L := L.f L2 := subm{L, 1 . . . p,l + 1 . . . n), d := det{L2), T2 '■= dLg"^. 



T2 
D 



5. r :: 

6. Return L' := T ■ L. 



7 Determining the special case Sq = k 

To describe the graded components of S we need to decide in the first place whether 
they are finite or infinite dimensional. For that matter, it is enough to decide 
whether Sq is finite dimensional as we will see in section |S| In this section, we 
give an algorithm to decide whether 5o = A; or equivalently whether 5*0 is finite 
dimensional. 

We define next an isomorphism allowing us to go from points in the lattice 
M = Z' to points in the lattice C and we use it to prove the next proposition. 
There is a natural bilinear pairing ( , ) : X(T) x Y(r) — > Z defined by the 
requirement that (a o 6)(A) = A^'''^) for all a G X(T), b G Y(T) = Hom{k'' ,T) and 
A G A;^ . We have an isomorphism to : M ^ R given by 

{u,ip{b)) = {L0{u),b) (16) 

for all u G M, b e ^. 

Theorem 7.1. The following statements are equivalent. 
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1. The only polynomials of degree are the constants; i.e. Sq = k. 

2. The k-vector space Sq is finite dimensional. 

3. Any fan A compatible with the multigrading of S given by A is not contained 
in a half-space. 

Proof. The proof is analogous to jl2j . Lemma 4.2. Let Z\ be a fan compatible with 
the multigrading of S given by A. Let 

(j)a = {>^(^^\ (A, ei) > for all i G [a]}. (17) 

Then by UlUf) . 5*0 = k[r\^^/:^(p^]. Therefore 5o is finite dimensional if and only if 
Ho-g/i^o- is a finite set. Furthermore Lo{riaeA^a) = f^aeA^Pa and (laeA^a is a finite 
set if and only if flo-g^a^ is bounded. This happens if and only if Ho-ezicr^ = which 
is equivalent to statements 1. and 3.. □ 

An yl-grading of S verifying any of the equivalent conditions given in the previous 
proposition is called positive. 

Proposition 7.2. The following are necessary conditions for the grading of S by A 
to be positive. 

1. p > s. 

2. r]r+i, ■ ■ ■ ,r]n are linearly independent. 

Proof. 1. Let {vi, . . . ,Vr} be a set of vectors associated to the action of H on 
X. If p < s or equivalently / > r then C = M>o{wi, . . . ,Vr} is a cone and 
equivalently A is contained in a half-space. By theorem 17. li the result follows. 

2. Let G be the m dimensional algebraic torus, then H C G. Consider the action 
of G on X given by the matrix L, then S'^ C . If rj^+i, . . . ,rin are linearly 
dependent, 10., Lemma 4.1(1) implies that S'^ is not equal to k and therefore 
is not finite dimensional. 

□ 

Let us suppose that r/^+i, . . . jtjn are linearly independent. Then we can assume 
that L has the special form dJ). Let V = {vi, . . . ,Vr} be the output of algorithm 
15. II applied to Li and D, and let Z\ be a fan compatible with the multigrading of S 
by A given by L. 

For 1 < 2 < let /Oj be the restriction of Tji to the subtorus G of H. These 
characters can be thought of as the columns of Li. 

Lemma 7.3. If Sq = k then Pi ^ for all i = 1, . . . ,1. 

Proof. By jl2l . Lemma 4.2 if pj = for some i = 1, . . . ,1 then A is contained in a 
half-space and by proposition 17. II the result follows. □ 
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The converse of the previous lemma does not hold but we can modify the matrix 
L to get an action oi H oxi X whose only invariants are the constant polynomials 
whenever /Cj 7^ for alH = 1, . . . , Z. Given a set / C {1, . . . , r} define 

-Vi'iii^I . , , 

v,ii^iI '^=1'---'-- (18) 

Let Ai be a fan in with Z\/(l) = {t^i |z = 1, . . . , r}. For 1 < i < n, set 

-rji if z G / 



■qiiii^I ' ^^^^ 

Let Lj be the matrix with columns <ji, . . . , Then Hj denotes the group H acting 
on X by the matrix Lj. Then the fan Aj is compatible with the multigrading of S 
by A given by Lj. 

We explain next how to obtain a set / so that S^' = k whenever pi for all 
i = 1, . . . ,1. Let us call bij the entries of Li, i = 1, . . . ,p, j = 1, . . . ,1. 

Lemma 7.4. When the matrix L is of the special kind (jl4j) . then vi,...,vi are 
linearly independent. 

Proof. By Lemma 14.11 LK = 0. Then for j = I + 1, . . . ,n 

I 

dvj = - ^ bj^i^iVi. (20) 
1=1 

Thus • ■ • , belong to the M-span of vi, . . . ,vi. By lemma 14.11 K has rank / 
and the result follows. □ 

By Lemma 17.41 B = {vi , . . . ,vi} is a basis of and respect to B the vectors 
. . . ,Vn have coordinates 



{bj_i^i,. . . ,bj_i^i), j = l + l,...,n. (21) 



Let fj, . . . , U;* be the dual basis of B. Then 

'd 



«'^i) = -r^i-M (22) 



for i = 1, . . . , Z, J = / + 1, . . . , r. 

Let us suppose that p > s or equivalently / < r. Given j € {/ + 1, . . . , r}, let 

1+ = {ie{l,...,l}\=^bj.i,i >0}, (23) 
ir = {ie{l,...,l}\^bj.^ <0}. (24) 
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Lemma 7.5. If pi ^ for all i = 1, . . . ,1 then there exists J E {/ + 1, . . . , r} such 
that 

u/=i(/+U/r) = {l,...,/}. (25) 
Proof. Otherwise there exists i € {1, . . . , /} such that 

then Pi = 0. □ 

This lemma ensures that the next algorithm terminates. 

Algorithm 7.6. positivity-set(Xi, d) Given the matrix Li, where the columns 
Pi 7^ for all i = l,...,l, and the positive integer d in the special form of the 
matrix L giving the action of H on X, the algorithm returns a chain of subsets 
^l+i ^ ••• ^ of {1,...,/} such that the grading of S by A given by Ljj is 
positive. 

1. J -.= 1 + 1. 

2. Compute I J and I'j using (|23|) and (|24p . 

3. lj:=lj. 

4. While y^j=i+i{IJ U /+) / {1, . . . , /} then 

4.1 /O :={!,. 

4.2 Compute Ijj^i and Ij^^i- 

4.3 Jj+i := Xj u n 

4.4 J := J + l. 

5. Return Zi^i, . . . 

The next proposition shows that the grading of S" by A given by Ljj, with 2j 
as in the output of algorithm 17.61 is positive. 

Proposition 7.7. Let us suppose that pi ^ for all i = 1 . . .1 and let Xj be the 

subset of {!,..., 1} obtained by POSiTiviTY-SETfLi,(ij, then the grading of S by A 
given by Lx, is positive. 



Proof. It can be proved as in jT2], Proposition 4.5 that Aj is not contained in a 
half-space. The result follows by theorem 17.11 □ 

If Tj = then the previous proposition ensures that A = Z\0 is not contained 
in a half-space. On the other hand, if Xj 7^ the fan A might still be contained 
in a half-space. We give next an algorithm to check whether A is contained in a 
half-space using the output set of algorithm 17.61 The algorithm is based on the 
following fact. 
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Lemma 7.8. Let {li+i, . . . be the output o/ positivity-set(^Li, d). Given 
k e {1,...,J -{1 + I)}, iflj^k = and Ij-k+i + ^/ie?^ C = M<o{vi, . . . 
is contained in H^* for all i G Ij„fc+i- 

Proof. Given i G Ij-j+i then i G (n/~;^+i/°) n Thus by (El, (|2S1), (El 

and 4.1 in algorithm 17.61 we have {v* , vj) > for all j = I + 1, . . . , J — k + 1. This 
proves the result. □ 

Algorithm 7.9. HSP2('{2'i_|_i, . . . V) Given {Tij^i, . . . the output set of al- 

gorithm \7.b\ and V = {vi, . . . ,Vr} a set of vectors associated to the action of H on 
X, the algorithm decides whether C = M>oV is contained in a half-space and if the 
answer is affirmative it returns a vector ^ u G Mr such that C is contained in H^- 

1. C := R>o{vi, . . .,vi}. 

2. IfJi^i, . . . ,Xj are nonempty sets then 

2.1 C:= M>o(C U {vi+i}), u := v* with i G Zi+i. 

2.2 If J = /+1 return u and" Contained in a half-space" else return }lSPl({vl-^-2, 
C , u). 

3. Iflj = then return " Not contained in a half-space". 

4- Let 1 < i < J — (/ + 1) be the smallest such Ij-i = and ^ 0. 

4.1 C := M>o(C U {vi+i, . . . and u := v* with i G Tj_j+i. 

4.2 If J — i -\- 1 = J return u and " Contained in a half-space" . 

4.3 Return nSFl({v J _i+2, ■■■ ,vj], C , u). 

Prom the previous results we derive the following algorithm to test whether an 
^-grading is positive. 

Algorithm 7.10. POSiTiviTY-TEST(^Lj Given the m x n matrix L associated to the 
action of H = G x ¥ on X = k''' x [k^Y where G is a torus of dimension p, the 
algorithm decides whether the A-grading of S by L is positive and if the answer is 
negative it returns Z C {1, . . . /} such that A-grading of S by Lj is positive. 

1. If p > s or Tjr+i, ... ,rjn are linearly dependent return "The grading is not 
positive" . 



2. 



Li dip 
L3 L4 



:=SPECIAL-MATRIxfL,L' ). 



3. If any of the columns of Li is then return "The grading is not positive". 

4. {Zl+l, ■ ■ ■ ,Zj} :=POSITIVITY-SETfLi,(ij. 

5. If iiSP2(Ti^i, ... ,1 J ) returns " Hot contained in a half-space" then return "The 
grading is positive" else return Ij and "The grading is not positive". 
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8 Polyhedral description of graded components of S 

In this section we describe the graded components of S in terms of polyhedra. We 
distinguish to main cases depending on the dimension. 

Let Z\ be a fan compatible with the multigrading of 5 by vl given by L. Given 
a € Q, there exists = {ipi, . . . , ipn) G x Z** such that Lip = a. Consider the 
polyhedron V^p defined by 

Lemma 8.1. Let a Q then for any (p = ((pi, . . . , ipn) G N'' x such that Lip = a 
it holds 

Sa = x'Pk[uj{V^rM})i (26) 

with uj as in (|16|l . 

Proof. For each a G Q we have Sa = k[{ip + D {W x Z'')]. Given it G Z\ let 

4>a,a = {(/? + M G V? + [ Cj) > -ipi for ah i G [a]}. (27) 
Then Sa = k[n creA4'cr,a]- Define the sets 

ipa,a = {Xe^ \ {X,ei) > -ipi, for all i G [a]}. (28) 
Thus (j)a,a = <P + ipa,a and k[(j)a,a] = 2;'^/c [V^fT.a] • Therefore Sa = x'fk[ria^a,a]- Let 

Aa,a = {x G M I (x, Vi) > -ipi for ah i G [a]}. (29) 

Then V'cr,a = ^^{^a,a) and oj{naeA^a,a) = f^aipa,a- Finally riaeAK,a = 'P^r] l}. □ 

The following theorem gives two more properties of positive gradings. 
Theorem 8.2. The following statements are equivalent: 

1. There exits a £ A such that the k-vector space Sa is finite dimensional. 

2. For all a £ A, the k-vector space Sa is finite dimensional. 

3. Any fan compatible with the multigrading of S given by A is not contained in 
a half-space. 

Proof. Let Z\ be a fan compatible with the multigrading of 5 by A. Given ip G 
N*" X Z'^, by proposition I3.3l the set flZ' is finite if and only if A is not contained 
in a half-space. Given a (z Q and ip & W x such that Lip = a by the previous 
lemma Sa is finite dimensional if and only if fl Z' is finite. This proves the 
result. □ 
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8.1 Finite dimensional case 



At this point we can determine the graded components in the finite dimensional 
case. 

Theorem 8.3. Let us suppose that the grading of S by A given by L is positive. 
Given a Q, then the dimension of Sa equals the number of lattice points inside the 
polytope for any such that Lip = a. 

Proof. By proposition \'A.'A[ the polyhedron Vip is bounded. By lemma 18.11 the 
graded component Sa is spanned over k by the finite set of monomials such that 

u e (p + uj{V^nz^). 

This proves the result □ 

Remark 8.4. polyhedral DESCRIPTION The proof of theorem \8..'^ provides an 
algorithm to determine Sa using a polytope. 

Let us suppose that the grading of 5 by A given by L is positive, that is = k. 
Then by ^Uj, Lemma 4.1(1) the vectors r/r+i; ■ ■ ■ ,Vn are linearly independent and 
we can assume that L is of the special kind (|14|) . Let {vi, . . . ,Vr} he a set of vectors 
associated to the action of H on X. By lemma 17.41 the set B = {—vi . . . , —vi} is an 

basis. Let us consider the r x / matrix P whose i-th row is the row vector of the 
coordinates of Vi in the basis B, i = 1 . . . r. In the dual basis of 8 the polytope 
V,p equals the set 

{x eR^\Px <ipi,i = l,...,r}. (30) 



8.2 Infinite dimensional case 

We describe next the graded components of S for the infinite dimensional case. 
Let us suppose that is not finite dimensional. Let V = {vi, . . . ,Vr} be a set of 
vectors associated to the action of on X and let Z\ be a fan compatible with the 
multigrading of 5 by ^. By theorem 17.11 A is contained in a half-space and by 
remark 13.41 the set C = M>o{t'i, . . . ,Vr} is a cone. Let be the dual cone of C. 
By |13j . Theorem 16.7 there exists a Hilbert basis of C^. 

Proposition 8.5. Let Sq be infinite dimensional and let Ti = {wi, ... ,Wh} be a 
Hilbert basis of . Then 

So = 

Proof. For each a G A, let be defined as in (\17\i and A„ as in ec^ Then 
n^G/i^a = .^n (N*" X Z'), n^eziA^ = n M and w(n^gziA^) = n^gzi^a- Thus 
{io{wi), . . . , u;{u!h)} is a minimal generating set of the partially ordered set .^n {W x 
Z*) and this proves the result. □ 
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Every graded component of S is infinite dimensional. Given a G Q let (/? = 
(ifi, . . . ,ipn) (zWxTj^ such that Lip = a. The next result will be used to determine 

By proposition 13.31 the polyhedron T'^ is not bounded. By ^3], Corollary 7.1b 
then = V + for some polytope V. 

Lemma 8.6. Let Ti = {t^i, . . . ,Wfi} he a Hilbert basis of C"^ , let B = {X^iLi \ 
< Oj < 1} and let V he a polytope such that V^p = V + . Then 

Vpr\i} = {{V + B)r\ i!) + (C^ n i!) (3i) 

Proof. We prove the nontrivial inclusion V^r]!) Q {{V + B)r\ ll) + (C^ n ll). Given 
p ^V^pr\l} then p = (7 + c with q ^ Q and c G C^. We can write c = ^ ciiWi with 
Oil > 0. Consider the integral vector d = ^[ajJ^Wj, thus b = c — c' ^ B. We can 
write p=q + b + c' with q + b = p - c' e {V + B) nZ'- and c' e (1 ll . □ 

Given a set of generators of a cone, we can use the algorithm given in [Hj, section 
5.5 to compute a Hilbert basis of the dual cone. 

Theorem 8.7. For all a ^ Q, Sa is finitely generated as an So-module. 

Proof. Let us consider the cone C generated by vectors {vi, ipi) G Z'+^, i = 1, . . . ,r 
and (O^i, 1) G Z'+^ with O^i the zero vector in Z'. By jl3j . Theorem 16.7 there exists 
a Hilbert basis 7i of the dual cone of C which equals 

{(x, A) G M' X M>o I {x, -Vi) - Xifi < 0} 

The set TCq = {{x,X) G | A = 0} is a Hilbert basis of C^. Let V be the convex 
huh of the X G Z' with (x, 1) G H. Now x G if and only if (x, 1) G C"^. Then 
= P + C^. 

By lemma 18. H and lemma 18. 61 we conclude that Sa is generated as an 5o-module 
by the elements x" such that u G ip + uj{{V + B) n Z^) . □ 

Remark 8.8. polyhedral description The proof of theorem \8.7\ provides an 
algorithm to determine Sa using polyhedra. 

References 

[1] M. Artin, Algebra, Prentice Hall, 1991. 

[2] J.B. Conway, Functions of one complex variable, Second Edition, Springer- 
Verlag, 1978. 

[3] D.A. Cox, The homogeneous coordinate ring of a toric variety, J. Algebraic 
Geom. 4 (1995), no. 1, 17-50. 

[4] J. A. De Loera, R. Hemmecke, J. Tauzer and R. Yoshida, Effective 
Lattice Point Counting in Rational Convex Polytopes, available via 
: / / www.math.ucdavis.edu^latte / theory.htmjj 



16 



W. Fulton, Introduction to toric varieties, Princeton University Press, 1993. 

R. Hemmecke, On the computation of Hilbert bases and extreme rays of cones, 
Preprint available at (arXiv:amth.CO/02o3105vl), 2002. 

I.M. Musson, Differential operators on toric varieties, J. Pure and Applied 
Algebra 95 (1994), 303-315. 

I.M. Musson, Rings of differential operators on invariant rings of tori. Trans. 
Amer. Math. Soc. 303 (1987), 805-827. 

E. Miller and B. Sturmfels, Combinatorical Commutative Algebra, Springer, 
2005. 

I.M. Musson and S.L. Rueda, Finite dimensional representations of invariant 
differential operators. Trans Amer. Math. Soc., 357 (2004), no. 7, 2739-2752. 

J.R. Munkres, Topology, Second Edition, Prentice Hall, New Jersey, 2000. 

S.L. Rueda, Actions of tori and finite fans, Algebras, rings and their represen- 
tations. Proceedings of the International Conference on Algebras, Modules and 
Rings, World Scientific, 2006, 313-328. 

A. Schrijver, Theory of Linear and Integer Programming, Wiley, Chichester, 
1986. 



17 



